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We use the conservation law of the stress-energy and spin tensors to study the motion of massive
brane-like objects in Riemann-Cartan geometry. The world-sheet equations and boundary conditions
are obtained in a manifestly covariant form. In the particle case, the resultant world-line equations
turn out to exhibit a novel spin-curvature coupling. In particular, the spin of a zero-size particle
does not couple to the background curvature. In the string case, the world-sheet dynamics is studied
for some special choices of spin and torsion. As a result, the known coupling to the Kalb-Ramond
antisymmetric external field is obtained. Geometrically, the Kalb-Ramond field has been recognized
as a part of the torsion itself, rather than the torsion potential.
PACS numbers: 04.40.-b
I. INTRODUCTION
The problem of motion of brane like objects in back-
grounds of nontrivial geometry is addressed by using
some form of the Mathisson-Papapetrou method [1, 2].
One starts with the covariant conservation law of the
stress-energy and spin tensors of matter fields, and ana-
lyzes it under the assumption that matter is localized to
resemble a brane. In the lowest, single-pole approxima-
tion, the moving matter is viewed as an infinitely thin
brane. In the pole-dipole approximation, its non-zero
thickness is taken into account.
The known results concerning extended objects in
Riemann-Cartan geometry exclusively refer to particles.
They can be summarized as follows. Spinless particles
in the single-pole approximation obey the geodesic equa-
tion. In the pole-dipole approximation, the rotational
angular momentum of the localized matter couples to
spacetime curvature, and produces geodesic deviation [1–
5]. If the particles have spin, the curvature couples to
the total angular momentum, and the torsion to the spin
alone [6–10].
As for the higher branes, the results found in litera-
ture exclusively refer to spinless matter and Riemannian
backgrounds [11, 12]. It has been shown that spacetime
curvature couples to the internal angular momentum of
a thick brane, and that this coupling disappears if the
brane is infinitely thin.
In this paper, we shall study spinning brane-like matter
in spacetimes with curvature and torsion. Our motiva-
tion is threefold. First, realistic strings (like flux tubes)
are really believed to exist, and to be relevant for the de-
scription of hadronic matter. Second, we want to check if
the presence of matter with spin saves the spin-curvature
coupling even if the brane has no thickness. Finally, the
influence of torsion on the brane dynamics can provide a
geometric insight into the extended string actions found
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in literature. Namely, the basic Nambu-Goto string ac-
tion [13, 14] is in literature often modified to include in-
teraction with additional background fields. Apart from
the target-space metric, the antisymmetric tensor field
Bµν(x) and the dilaton field Φ(x) are considered [15–18].
While spacetime metric has obvious geometric interpre-
tation, the background fields Bµν(x) and Φ(x) do not.
The attempts have been made in literature to interpret
Bµν and Φ as originating from the background torsion
and non-metricity, respectively [19–25]. Our idea is to
consider stringy shaped matter in backgrounds of gen-
eral geometry, and check if the effective action of Refs.
[15–18] could be recovered. This way, the real geometric
nature of the background fields Bµν(x) and Φ(x) could
be found.
The results that we have obtained are summarized
as follows. The world-sheet equations and boundary
conditions for a p-dimensional brane in D-dimensional
Riemann-Cartan spacetime are derived in a manifestly
covariant way. It has been shown that spacetime curva-
ture couples to (p + 1)-dimensional currents associated
with the internal angular momentum of the brane, while
torsion couples to the spin alone. The curvature coupling
disappears in the limit of an infinitely thin brane, in spite
of the fact that brane is made of spinning matter. As
illustrative examples, the 0-brane (particle) and 1-brane
(string) are given an additional consideration. The parti-
cle dynamics has been found to differ from what has been
believed so far. In particular, the spin of a strict point
particle does not couple to the curvature. We have also
analyzed the world-sheet equations and boundary condi-
tions of an infinitely thin string. The generalized string
action of Refs. [15–18] has been recovered by assigning
a special value to the spin tensor and the background
torsion. According to our results, the Kalb-Ramond an-
tisymmetric tensor field Bµν(x) is related to the torsion
itself, rather than to its potential as suggested in litera-
ture.
The layout of the paper is as follows. In section II,
we define the conservation law of the stress-energy and
spin tensors, and introduce the necessary geometric no-
tions. Using the fact that antisymmetric part of the
2stress-energy tensor is completely determined by the spin
tensor, we eliminate it from further considerations. The
conservation equations are rewritten in terms of the in-
dependent variables—the spin tensor and the generalized
Belinfante tensor. After the brief recapitulation of the
covariant multipole formalism, we define the pole-dipole
approximation for the independent variables, only. Sec-
tion III is devoted to the derivation of the brane world-
sheet equations. The actual derivation is only sketched,
as the method has already been analyzed in detail in [12].
The world-sheet equations and boundary conditions are
obtained in a manifestly covariant form. In Section IV,
particles and strings are given additional consideration.
In the particle case, the resulting equations of motion are
compared to the pole-dipole equations found in literature
[8, 9]. As it turns out, they coincide in the pole-dipole
approximation, but have different single-pole limits. In
the string case, the world-sheet equations are analyzed in
the zero-thickness limit. By an appropriate choice of the
spin-tensor and the background torsion, we have recov-
ered the effective dynamics of Refs. [15–18]. In section
V, we give our final remarks.
Our conventions are the same as in Ref. [12]. Greek
indices µ, ν, . . . are the spacetime indices, and run over
0, 1, . . . , D − 1. Latin indices a, b, . . . are the world-
sheet indices and run over 0, 1, . . . , p. The Latin indices
i, j, . . . refer to the world-sheet boundary and take values
0, 1, . . . , p−1. The coordinates of spacetime, world-sheet
and world-sheet boundary are denoted by xµ, ξa and λi,
respectively. The corresponding metric tensors are de-
noted by gµν(x), γab(ξ) and hij(λ). The signature con-
vention is defined by diag(−,+, . . . ,+), and the indices
are raised by the inverse metrics gµν , γab and hij .
II. THE MULTIPOLE FORMALISM
We begin with the covariant conservation of the funda-
mental matter currents — stress-energy tensor τµν , and
spin tensor σλµν :
(
Dν + T λνλ
)
τνµ = τ
ν
ρT ρµν + 1
2
σνρσRρσµν , (1a)
(
Dν + T λνλ
)
σνρσ = τρσ − τσρ. (1b)
Here, Dν is the covariant derivative with the nonsymmet-
ric connection Γλµν , which acts on a vector v
µ according
to the rule Dνv
µ ≡ ∂νvµ + Γµλνvλ. The torsion T λµν ,
and curvature Rµνρσ are defined in the standard way:
T λµν ≡ Γλνµ − Γλµν ,
Rµνρσ ≡ ∂ρΓµνσ − ∂σΓµνρ + ΓµλρΓλνσ − ΓµλσΓλνρ.
The derivative Dλ is assumed to satisfy the metricity
condition, Dλgµν = 0. As a consequence, the connection
Γλµν is split into the Levi-Civita connection
{
λ
µν
}
, and
the contorsion Kλµν :
Γλµν =
{
λ
µν
}
+Kλµν ,
Kλµν ≡ −1
2
(T λµν − Tνλµ + Tµνλ) .
We shall also introduce the Riemannian covariant deriva-
tive ∇µ ≡ Dµ(Γ → {}), and the Riemannian curvature
tensor Rµνρσ ≡ Rµνρσ(Γ → {}). The relation connect-
ing the two curvature tensors reads:
Rµνλρ = Rµνλρ + 2∇[λKµνρ] + 2Kµσ[λKσνρ],
where the indices in square brackets are antisymmetrized.
Given the system of conservation equations (1), one
finds that the second one has no dynamical content. In-
deed, the antisymmetric part of stress-energy tensor is
completely determined by the spin tensor. One can use
(1b) to eliminate τ [µν] from the equation (1a), and thus
obtain the conservation equation, in which only τ (µν) and
σλµν components appear. The resulting equation can be
written in the form
∇ν
(
θµν −K [µλρσρλν] − 1
2
Kλρ
[µσν]ρλ
)
=
=
1
2
σνρλ∇µKρλν , (2)
where θµν = θνµ stands for the generalized Belinfante
tensor:
θµν ≡ τ (µν) −∇ρσ(µν)ρ − 1
2
Kλρ
(µσν)ρλ . (3)
The independent variables θµν and σµνρ are in 1–1 cor-
respondence with the original variables. In what follows,
the conservation law in the form (2) will be the starting
point for the derivation of the brane world-sheet equa-
tions.
Let us now introduce the multipole formalism, which
is necessary for the derivation. It has been shown in
Refs. [11, 12] that an exponentially decreasing function
can be expanded into a series of δ-function derivatives.
For example, a tensor valued function Fµν(x), well lo-
calized around the (p+ 1)-dimensional surface M in D-
dimensional spacetime, can be decomposed in a mani-
festly covariant way as
Fµν(x) =
∫
M
dp+1ξ
√−γ
[
Mµν
δ(D)(x− z)√−g −
−∇ρ
(
Mµνρ
δ(D)(x− z)√−g
)
+ · · ·
]
. (4)
The surface M is defined by the equation xµ = zµ(ξ),
where ξa are the surface coordinates, and the coefficients
Mµν(ξ), Mµνρ(ξ), ... are spacetime tensors called mul-
tipole coefficients. Here, and in what follows, we shall
frequently use the notion of the surface coordinate vec-
tors
uµa =
∂zµ
∂ξa
,
3and the surface induced metric tensor
γab = gµνu
µ
au
ν
b .
The induced metric is assumed to be nondegenerate,
γ ≡ det(γab) 6= 0, and of Minkowski signature. The
same holds for the target space metric gµν(x) and its
determinant g(x).
It has been shown in Ref. [12] that one may truncate
the series in a covariant way in order to approximate
the description of matter. Truncation after the leading
term is called single-pole approximation, truncation after
the second term is called pole-dipole approximation. The
physical interpretation of these approximations is the fol-
lowing. In the single-pole approximation, one assumes
that the brane has no thickness, which means that mat-
ter is localized on a surface. All higher approximations,
including pole-dipole, allow for the non-zero thickness,
and thus, for the transversal internal motion.
Apart from being covariant with respect to diffeomor-
phisms, the series (4) possesses two extra gauge symme-
tries. The first is a consequence of the fact that that there
are redundant coefficients in this decomposition. Indeed,
only D − p− 1 out of D δ-functions in each term of the
multipole expansion (4) are effective in modeling trajec-
tory of a brane like object in D-dimensional spacetime.
The p + 1 extra δ-functions and the extra integrations
are introduced only to covariantize the expressions. The
derivatives parallel to the world-sheet are integrated out,
as they should, considering the fact that matter is not
localized along the brane. As a consequence, the par-
allel components of the higher multipole coefficients are
expected to effectively disappear. It has been shown in
Ref. [12] that the corresponding gauge symmetry, named
extra symmetry 1, in the pole-dipole approximation has
the form
δ1M
µν = ∇aǫµνa , δ1Mµνρ = ǫµνauρa , (5a)
where ǫµνa(ξ) are gauge parameters constrained by the
boundary condition
naǫ
µνa|∂M = 0 . (5b)
Here, na is the unit boundary normal, and ∇a stands for
the world-sheet total covariant derivative (see the Ap-
pendix). Thus, the parallel components of Mµνρ trans-
form as δ1(u
a
ρM
µνρ) = ǫµνa , and can be gauged away. In
fact, one can show that the parallel components of the
higher multipoles are also pure gauge. In the gauge fixed
multipole expansion, the only derivatives that appear are
those orthogonal to the world-sheet. In the single-pole
approximation, the extra symmetry 1 is trivial.
The second extra symmetry stems from the fact that
the choice of the surface xµ = zµ(ξ) in the expansion
(4) is arbitrary. If we use another surface, let us say
xµ = z′µ(ξ), the coefficients Mµν , Mµνρ, ... will change
to M ′µν , M ′µνρ, ... while leaving the function Fµν(x)
invariant. The transformation law of the M -coefficients,
generated by the replacement zµ → z′µ, defines the gauge
symmetry that we call extra symmetry 2.
The extra symmetry 2 is an exact symmetry of the
full expansion (4), but only approximate symmetry of
the truncated series. In the pole-dipole approximation,
it has the form
δ2z
µ = ǫµ ,
δ2M
µν = −Mµνuaρ∇aǫρ −Mλν
{
µ
λρ
}
ǫρ −Mµλ{ ν
λρ
}
ǫρ,
δ2M
µνρ = −Mµνǫρ ,
(6)
provided the M -coefficients are subject to the hierarchy
Mµν = O0, Mµνρ = O1, and the free parameters ǫµ(ξ)
satisfy ǫµ = O1. Here, On stands for the order of small-
ness, and the condition ǫµ = O1 ensures that the order
of truncation is not violated by the action of the symme-
try transformations [12]. In the pole-dipole and higher
approximations, fixing the gauge of extra symmetry 2
defines the central surface of mass. In the single-pole
approximation, the extra symmetry 2 is trivial.
Now, we shall replace the general function Fµν(x) with
the stress-energy and spin tensors of the localized mat-
ter. In the pole-dipole approximation, our independent
variables θµν and σλµν are written in the form
θµν =
∫
dp+1ξ
√−γ
[
Bµν
δ(D)(x− z)√−g −∇ρ
(
Bµνρ
δ(D)(x− z)√−g
)]
, (7a)
σλµν =
∫
dp+1ξ
√−γ Cλµν δ
(D)(x− z)√−g , (7b)
where Bµν(ξ), Bµνρ(ξ) and Cλµν(ξ) are the correspond-
ing multipole coefficients. As we can see, the decomposi-
tion of the spin-tensor σλµν lacks the dipole term. This
is because the spin is considered to be of the order of the
orbital angular momentum which is already described by
the dipole coefficient. Any correction to the leading term
4of (7b) would, therefore, take us beyond the pole-dipole
approximation.
The symmetries of the expansion (7) are basically the
same as found in the general considerations. They in-
clude spacetime and world-sheet diffeomorphisms, and
two extra symmetries. The transformation properties
of the multipole coefficients with respect to spacetime
diffeomorphisms and world-sheet reparametrizations are
determined by their index structure. Thus, Bµν , Bµνρ
and Cλµν are spacetime tensors, and world-sheet scalars.
As for the two extra symmetries, the transformation law
of the B-coefficients is given by the general formulas (5)
and (6), but the C-coefficients transform trivially:
δ1C
λµν = δ2C
λµν = 0 . (8)
This is because the expansion (7b) has a single-pole form,
and we have already established that extra symmetries in
the single-pole approximation are trivial. In addition, the
multiple coefficients are required to obey the hierarchy
Bµν = O0, Bµνρ ∼ Cλµν = O1. Only then the extra
symmetry 2 remains unbroken.
In what follows, we shall use the expansion (7) to solve
the conservation equations (2), and define the limit of an
infinitely thin brane.
III. EQUATIONS OF MOTION
In this section, the stress-energy and spin-tensor con-
servation equations (2) are analyzed in the pole-dipole
approximation. The brane world-sheet equations and
boundary conditions are derived in a manifestly covariant
way.
A. Derivation
The brane world-sheet equations are derived in the fol-
lowing way. We insert (7) into (2), and solve for the
unknown variables zµ(ξ), Bµν(ξ), Bµνρ(ξ) and Cλµν (ξ).
The algorithm for solving this type of equation is dis-
cussed in detail in [11, 12], and here we only sketch it.
The first step is to multiply the equation (2) with an
arbitrary spacetime function fµ(x) of compact support,
and integrate over the spacetime. The resulting equation
depends on the function fµ and its first and second co-
variant derivatives, evaluated on the surface xµ = zµ(ξ).
Precisely, we obtain∫
dp+1ξ
√−γ
[
Bµνρfµ;νρ + (B
µν −Dµν) fµ;ν +
+
1
2
Cνρλ
(∇µKρλν) fµ
]
= 0 , (9)
where fµ;ν ≡ (∇νfµ)x=z , fµ;νρ ≡ (∇ρ∇νfµ)x=z , and the
shorthand notation
Dµν ≡ K [µλρCρλν] + 1
2
Kλρ
[µCν]ρλ
is introduced for later convenience. Owing to the arbi-
trariness of the function fµ(x), the terms proportional
to its independent derivatives separately vanish. The in-
dependent derivatives are found by making use of the
decomposition into components orthogonal and parallel
to the world-sheet xµ = zµ(ξ):
fµ;λ = f
⊥
µλ + u
a
λ∇afµ , (10a)
fµ;(λρ) = f
⊥
µλρ + 2f
⊥
µ(λau
a
ρ) + fµabu
a
λu
b
ρ , (10b)
fµ;[λρ] =
1
2
Rσµλρfσ . (10c)
Here, the orthogonal and parallel components are ob-
tained by using the projectors
P⊥
µ
ν = δ
µ
ν − uµauaν , P‖µν = uµauaν . (11)
More precisely, f⊥µλ = P⊥
σ
λfµ;σ, f
⊥
µλρ = P⊥
σ
λP⊥
ν
ρfµ;σν ,
f⊥µλa = P⊥
σ
λu
ν
afµ;(σν) and fµab = u
σ
au
ν
bfµ;(σν). Direct
calculation yields
fµab = ∇(a∇b)fµ − (∇auνb )f⊥µν ,
f⊥µρa = P⊥
ν
ρ∇af⊥µν + (∇aubρ)∇bfµ +
1
2
P⊥
λ
ρu
ν
aR
σ
µνλfσ ,
(12)
which tells us that the only independent components on
the surface xµ = zµ(ξ) are fµ, f
⊥
µν and f
⊥
µνρ. We can
now use (10) and (12) in the equations (9) to group the
coefficients into terms proportional to the independent
derivatives of fµ. The obtained equation has the follow-
ing general structure:
∫
dp+1ξ
√−γ
[
Xµνρf⊥µνρ +X
µνf⊥µν +X
µfµ+
+∇a
(
Xµνaf⊥µν +X
µab∇bfµ +Xµafµ
) ]
= 0 ,
where X terms are composed of various combinations
of multipole coefficients Bµν , Bµνρ and Cλµν , external
fields Kλµν and R
µ
νρσ, and their derivatives. In all the
expressions, the external fields are evaluated on the sur-
face xµ = zµ(ξ). Owing to the fact that fµ, f
⊥
µν and f
⊥
µνρ
are independent functions on the world-sheet, we deduce
that the first three X terms must separately vanish.
The equation Xµνρ = 0 has a simple algebraic form
P⊥
(ν
λ P⊥
σ)
ρ B
µλρ = 0 . (13)
Its general solution is
Bµνρ = 2 u(µa J
ν)ρa +Nµνauρa , (14)
where the new coefficients Jµνa and Nµνa are subject to
the algebraic constraints
Jµν[aub]ν = 0 , J
µνa = −Jνµa , Nµνa = Nνµa .
5In what follows, we shall see that the coefficients Nµνa
drop from the world-sheet equations, while Jµνa currents
couple to the background curvature.
The equations Xµν = 0 and Xµ = 0 are much more
complicated. The procedure goes as follows. First, we
use the above decomposition of Bµνρ to perform a simi-
lar split of the Bµν coefficients. As a result, new free pa-
rameters mab(ξ) appear to characterize the leading term
of the coefficient Bµν . Then, the equations Xµν = 0 and
Xµ = 0 are rewritten in terms of the undetermined pa-
rameters mab, Jµνa and Cλµν , and properly rearranged.
The coefficients Nµνa turn out to completely disappear.
Skipping the details of the diagonalization procedure,
which has thoroughly been demonstrated in Ref. [12],
we display the resulting world-sheet equations:
P⊥
µ
λP⊥
ν
ρ
(∇aJλρa +Dλρ) = 0 , (15a)
∇b
[
mabuµa − 2ubλ
(∇aJµλa +Dµλ)+ uµc ucρubλ (∇aJρλa +Dρλ)
]
= uνaJ
λρaRµνλρ +
1
2
Cνρλ∇µKρλν . (15b)
The world-sheet equations (15) describe the dynamics of
a thick p-brane in D-dimensional spacetime with curva-
ture and torsion. The coefficients mab, Jµνa and Cλµν
are free parameters of the theory. While mab represents
the effective stress-energy tensor of the brane, the Jµνa
and Cλµν currents are related to its total internal angular
momentum and spin, respectively. In the particle case,
our world-line equations agree with the known results in
literature [6–10].
Having solved the equations Xµνρ = Xµν = Xµ = 0,
we are left with the surface integral that vanishes itself:
∫
∂M
dpλ
√
−hna
(
Xµνaf⊥µν +X
µab∇bfµ +Xµafµ
)
= 0 .
(16)
The components f⊥µν and fµ, when evaluated on the
boundary, are mutually independent, but ∇afµ is not.
This is why we decompose the ∇a derivative into com-
ponents orthogonal and parallel to the boundary:
∇afµ = na∇⊥fµ + via∇ifµ . (17)
Here, ∇⊥ ≡ na∇a, ∇i is the total covariant derivative
on ∂M, and vai are the boundary coordinate vectors (see
the Appendix for details). Now, f⊥µν , ∇⊥fµ and fµ are
mutually independent, and the equation (16) yields three
sets of boundary conditions:
Jµνananν
∣∣∣
∂M
= 0 , P⊥
µ
λP⊥
ν
ρJ
λρana
∣∣∣
∂M
= 0 , (18a)
nb
[
mabuµa − 2ubρ (∇aJµρa +Dµρ) + uµc ucσubν (∇aJσνa +Dσν)
]∣∣∣
∂M
= ∇i
(
N ijvµj + 2J
µνanav
i
ν
) ∣∣∣
∂M
. (18b)
The new free parameters N ij ≡ Nµνanaviµvjν are defined
on the boundary, and appear nowhere else. This situation
is familiar from the analysis of thick branes in torsionless
spacetimes [12]. In fact, our world-sheet equations and
boundary conditions reduce to those of Ref. [12] in the
limit of vanishing torsion.
B. Interpretation
The world-sheet equations (15), and boundary con-
ditions (18) describe the dynamics of a thick brane in
Riemann-Cartan spacetime. The free coefficients mab,
Jµνa, Cλµν and N ij characterize the internal structure of
the brane. The tensormab represents the effective (p+1)-
dimensional stress-energy of the brane interior, while N ij
stands for the stress-energy of the brane boundary. The
coefficients Jµνa are the world-sheet currents associated
with the total internal angular momentum of the brane,
and Cλµν is the spin-tensor of the constituent matter.
The dynamical equations that we have obtained dif-
fer from those of Ref. [12] by the presence of the spin-
torsion couplings. By inspecting their form, we realize
that branes made of scalar matter can not probe space-
6time torsion. This is a generalization of the known result
concerning thick particles [6–10]. We emphasize though
that our predictions concerning zero-size particles dis-
agree with the existing literature. In the next section,
we shall demonstrate this in a simple example.
1. Symmetries
The symmetries of the world-sheet equations (15) and
boundary conditions (18) are basically the same as in the
case of spinless matter [12]. It is only that, in addition
to Bµν = O0, Bµνρ = O1, the condition Cλµν = O1
is needed to ensure the existence of extra symmetry 2.
The transformation law of the free parametersmab, Jµνa,
Cλµν and N ij is obtained from the known symmetry
properties of the B and C coefficients. With respect to
diffeomorphisms, the coefficients
• mab, Jµνa, Cλµν and N ij are tensors of the type
defined by their index structure.
Thus, mab is a world-sheet tensor, Jµνa is a spacetime
tensor and a world-sheet vector, Cλµν is a spacetime ten-
sor, and N ij is a boundary tensor. The coefficients which
lack certain type of indices transform as scalars under
corresponding reparametrizations. For example, Jµνa is
a scalar with respect to the boundary reparametrizations,
while N ij is a scalar with respect to spacetime and world-
sheet diffeomorphisms.
The extra symmetry 1 is an algebraic symmetry, which
ensures that only gauge invariant coefficients appear in
properly diagonalized world-sheet equations. Using (5)
and (8), we indeed find that our free parameters trans-
form trivially:
δ1m
ab = δ1J
µνa = δ1C
λµν = δ1N
ij = 0 . (19)
It has been shown in Ref. [12] that the peculiar N ij co-
efficients that live exclusively on the boundary are a con-
sequence of the constraint (5b) that parameters of the
extra symmetry 1 obey. If not for this, the transforma-
tion law δ1N
µνa = ǫµνa would imply that Nµνa are pure
gauge everywhere. Physically, the N ij coefficients rep-
resent a correction to the effective p-dimensional stress-
energy tensor of the brane boundary, very much like mab
is (p+1)-dimensional effective stress-energy tensor of the
brane itself. The best way to see this is to consider a
brane with extra massive matter attached to its bound-
ary. The procedure has thoroughly been demonstrated
in Ref. [12], where an infinitely thin string with massive
thick particles attached to its ends has been considered.
The extra symmetry 2 has been defined in Sec. II as
the symmetry generated by the change of the surface
xµ = zµ(ξ) used in the δ-function expansion. The trans-
formation laws (6) and (8), thus obtained, can be rewrit-
ten in terms of the free coefficients mab, Jµνa, Cλµν and
N ij . Using the decomposition of the parameters ǫµ into
components orthogonal and parallel to the world-sheet,
ǫµ = ǫµ⊥ + u
µ
aǫ
a, we find:
δ2z
µ = ǫµ
⊥
+ uµaǫ
a , (20a)
δ2m
ab = −
(
ucµm
ab + u(aµ m
b)c
)
∇cǫµ⊥ −mbc∇cǫa −mac∇cǫb + ǫc∇cmab , (20b)
δ2J
µνa = −mabu[µb ǫν]⊥ , δ2N ij = −mabviavjbǫcnc , (20c)
δ2C
λµν = 0 . (20d)
The transformation laws (20) are used for fixing the
gauge freedom of the world-sheet equations. As explained
in Ref. [12], the gauge fixing of the extra symmetry 2 cor-
responds to the choice of the central surface of mass—
the surface that approximates a branelike matter distri-
bution. In the particle case, it coincides with the usual
notion of the centre of mass. It has been shown that an
appropriate gauge fixing ensures that particle trajectories
in flat, torsionless spacetimes coincide with straight lines.
In the case of higher branes, the central surface of mass
can be chosen to eliminate the boost degrees of freedom
from the angular momentum charge densities Jµν0. This
is done by using the transformation law (20c). The resid-
ual extra symmetry 2 can then be used to fix the trace of
the boundary stress-energy N ij . In the string dynamics,
the boundary is one-dimensional, and there is only one
N coefficient, which can, therefore, be completely gauged
away.
72. Single-pole limit
The important limit of an infinitely thin brane is ob-
tained by discarding dipole terms in the multipole expan-
sion (7). The resultant expression contains no δ-function
derivatives, and is called single-pole approximation. In
our case, this is achieved by imposing the constraint
Bµνρ = 0.
The consequences of the new constraint are far reach-
ing. We can immediately write the single-pole equations
by using the relation (14) that establishes 1–1 corre-
spondence between the coefficients Bµνρ and the world-
sheet currents Jµνa and Nµνa. Considering the fact that
N ij are the only surviving components of the coefficient
Nµνa, the constraint Bµνρ = 0 is rewritten as
Jµνa = 0 , N ij = 0 . (21)
Substituting (21) into (15), (18), we obtain the single-
pole world-sheet equations
P⊥
µ
λP⊥
ν
ρD
λρ = 0 , (22a)
∇b
(
mabuµa − 2ubλDµλ + uµc ucρubλDρλ
)
=
1
2
Cνρλ∇µKρλν ,
(22b)
and the single-pole boundary conditions
nb
(
mabuµa − 2ubρDµρ + uµc ucσubνDσν
)∣∣∣
∂M
= 0 . (23)
The equations (22) and (23) describe the motion of an in-
finitely thin brane in Riemann-Cartan spacetime. Com-
pared to the pole-dipole approximation, there are two
striking differences. First, the coupling of the spacetime
curvature to the internal angular momentum of the brane
is missing. This is something one would expect to hold
for spinless matter, only. Indeed, if the brane has no
thickness, the transversal internal motion is not possi-
ble, and the internal orbital angular momentum vanishes
[12]. The spin part of the total angular momentum, how-
ever, is expected to survive. Thus, the vanishing of the
spin-curvature coupling in the single-pole limit comes as
a surprise.
Another striking consequence of the single-pole limit
is the algebraic nature of the precession equations (22a).
This new constraint restrains the allowed forms of the
spin-tensor in the presence of the background torsion. If
the torsion is absent, the constraint is identically satis-
fied. In the next section, this unusual behaviour will be
studied in the particle example.
IV. EXAMPLES
To illustrate the relevance of the brane dynamics in
Riemann-Cartan spacetimes, we shall discuss two im-
portant examples: zero-size particle and infinitely thin
string. In the particle case, the novel spin-curvature cou-
pling is shown to contradict the results of the existing
literature. In the string case, the action of Refs. [15–18]
is recovered, and the Kalb-Ramond antisymmetric field
Bµν given a geometric interpretation.
A. Particle
The world-sheet of a particle is one-dimensional, and
is called world-line. We shall parametrize it with the
proper distance τ , thereby fixing the reparametrization
invariance:
γ = uµuµ = −1 .
Here, and in what follows, the indices a, b, . . . are omit-
ted, as they take only one value. We shall restrict to a
zero-size particle in 4-dimensional spacetime. Thus, the
single-pole equations (22) yield:
∇ (muµ + 2Dµνuν) = 1
2
Cνρλ∇µKρλν , (24a)
P⊥
µ
λP⊥
ν
ρD
λρ = 0 , (24b)
where P⊥
µ
ν = δ
µ
ν +u
µuν is the orthogonal world-line pro-
jector. As we can see, the spin couples only to contorsion,
which means that point particles follow geodesic trajec-
tories in torsionless spacetimes. At the same time, the
absence of torsion trivializes the equation (24b), and no
information on the behavior of the spin-vector is avail-
able. If the background torsion is nontrivial, a geodesic
deviation appears, but also a very strong constraint on
the spin-vector.
Let us now apply the obtained equations to the Dirac
particle. The basic property of Dirac matter is the total
antisymmetry of its spin tensor σλµν . As a consequence,
the coefficients Cλµν are also totally antisymmetric. If we
define the spin vector sµ by Cµνρ ≡ eµνρλsλ, and the ax-
ial component of the contorsion Kµ as Kµ ≡ eµνρλKνρλ,
where eµνρσ is the covariant totally antisymmetric Levi-
Civita tensor, the equations (24) become
∇
(
muµ +K [µsν]uν
)
+
1
2
sν∇µKν = 0, (25a)
K
[µ
⊥ s
ν]
⊥ = 0. (25b)
The equation (25b) implies that the orthogonal compo-
nent of sµ always orients itself along the background di-
rection Kµ⊥. This unusual behavior suggests the possibil-
ity that the spin itself might vanish in the zero-size limit.
Moreover, the same suggestion comes from the disappear-
ance of the total angular momentum Jµν in the single-
pole approximation. Indeed, the zero-size limit naturally
rules out the orbital part of the angular momentum. If
8Jµν is seen as the sum of orbital and spin parts, its dis-
appearance inevitably implies the disappearance of the
spin itself.
To justify this scenario, the authors of Refs. [26, 27]
have analyzed the wave packet solutions of the flat space
Dirac equation. The idea was to check if the wave packets
could be viewed as zero-size objects. For that purpose,
the wave packet size ℓ, and its wavelength λ are consid-
ered in the limit ℓ→ 0, λ/ℓ→ 0. It has been discovered
that the wave packet spin and orbital angular momen-
tum disappear simultaneously in this limit. Thus, the
spin vector sµ vanishes in the single-pole approximation,
and the particle trajectory becomes a geodesic line even
in the presence of torsion.
The single-pole results obtained in this section disagree
with the results found in literature [7–9]. In these early
approaches, the antisymmetric part of the stress-energy
tensor τ [µν] has been treated as an independent variable,
in spite of the restriction (1b). This imposed unnecessary
constraints on σλµν . In particular, the spin of the Dirac
particle was ruled out. In our approach, the only inde-
pendent variables are the spin-tensor σλµν and the sym-
metric Belinfante tensor θµν . As a result, our single-pole
limit is less restrictive, and allows an equal treatment of
all massive elementary fields.
B. String
The string trajectory is a two-dimensional world-sheet
with one-dimensional boundary. As in the particle case,
the boundary line will be parametrized with the proper
distance τ , and the indices i, j, . . . , which take only one
value, will be omitted. Thus, the boundary metric h, and
the tangent vector va satisfy
h = vava = −1 .
The only peculiarity of the string dynamics, as compared
to higher branes, is the possibility to gauge away the N ij
coefficients. Indeed, there is only one such component in
the string case, and one free parameter in the transforma-
tion law (20c). After fixing the gauge N = 0, the ǫa part
of the extra symmetry 2 reduces to reparametrizations.
In what follows, we shall consider infinitely thin
strings, and thus, make use of the single-pole equations
(22) and (23). In this approximation, the extra sym-
metries are trivial, and the coefficients Jµνa and N are
zero. The remaining coefficients mab and Cρµν carry the
information on the type of matter the string is made of.
Our idea is to try and find the string type whose classi-
cal dynamics coincides with that of Refs. [15–18]. There,
the string is coupled to the Kalb-Ramond antisymmet-
ric field Bµν , commonly interpreted as the torsion po-
tential, Kµνρ ∝ ∇µBνρ + ∇νBρµ + ∇ρBµν [19–25]. If
we accept this picture, however, we find that no choice
of the coefficients mab and Cρµν leads to the satisfac-
tory solution. Indeed, the spin-torsion couplings in the
world-sheet equations (22) contain torsion derivatives,
which do not exist in the string dynamics of Refs. [15–
18]. The l.h.s. contains only derivatives parallel to the
world-sheet, which can not compensate for the orthog-
onal derivatives on the r.h.s. The only way to get rid
of these is to have Cρµν ∝ uaρubµucν , but the assumed to-
tal antisymmetry of Kµνρ rules out this choice. Thus,
whatever choice of Cρµν is made, the resulting word-
sheet equations will contain undesirable couplings to tor-
sion derivatives. We are led to the conclusion that the
usual interpretation of Bµν as the torsion potential is not
supported by the classical string dynamics in Riemann-
Cartan spacetimes.
In what follows, we shall continue searching for the
string type that realizes the correct Bµν coupling, what-
ever geometric interpretation of Bµν field may be. Skip-
ping the details of our pursuit, we shall describe the
scheme that we have found to work.
First, we restrict our attention to spacetimes charac-
terized by the contorsion of the form
Kµνρ = KµνKρ , (26)
where Kµν ≡ −Kνµ is an arbitrary antisymmetric ten-
sor, andKρ is an arbitrary vector field. It is obvious that
this decomposition is not unique. Indeed, the transfor-
mation Kµν → αKµν , Kρ → α−1Kρ leaves the contor-
sion Kµνρ invariant. Using this freedom, we shall fix the
norm of the vector field Kρ to be
KρKρ = κ ,
where κ = 1, −1 or 0, depending on whether Kρ is space-
like, timelike or lightlike vector. From now on, we shall
assume that κ takes only one value in the whole space-
time.
Our second assumption concerns the spin tensor coef-
ficients Cρµν . We specify their form by the relation
Cρµν = sKρuµν , (27)
where uµν ≡ eabuµauνb , and s is a constant that measures
the spin magnitude.
With these assumptions, the world-sheet equations
(22), and boundary conditions (23) are rewritten in terms
of the free coefficients mab, and the external fields Kµν .
First, we calculate the Dµν tensor, and find that it re-
duces to
Dµν = sκ eabu[µa K
ν]
b ,
where Kµa ≡ Kµνuaν . The precession equations (22a)
are then automatically satisfied, and we are left with the
world-sheet equations (22b), and boundary conditions
(23). Now, we calculate the right-hand side of (22b),
and find
Cνρλ∇µKρλν = sκ
(
Fµρλuρλ − 2eab∇aKbµ
)
,
with
Fµνρ ≡ ∇µKνρ +∇νKρµ +∇ρKµν .
9With the help of these expressions, the world-sheet equa-
tions are rewritten as
∇b
(
m¯abuµa
)
=
sκ
2
Fµρλuρλ , (28)
where the new parameters m¯ab are related to mab as fol-
lows:
m¯ab ≡ mab − sκ
2
γabKµνuµν .
Using the total antisymmetry of the Fµρλ coefficients in
(28), the new coefficients m¯ab are shown to be covariantly
conserved,
∇bm¯ab = 0 . (29)
This means that Nambu-Goto matter is allowed as the
constituent matter of our string. Indeed, by demanding
m¯ab = Tγab, where T is a constant commonly interpreted
as the string tension, the condition (29) is automatically
satisfied. At the same time, we obtain the world-sheet
equations in their final form
∇auaµ = sκ
2T
Fµρλuρλ . (30)
Following the same procedure, the boundary conditions
are rewritten as
na
(
uµa +
sκ
T
Kµbeab
) ∣∣∣
∂M
= 0 . (31)
The world-sheet equations (30), and boundary conditions
(31) are exactly the same as obtained by varying the
string action of Refs. [15–18]. This action describes a
string interacting with an additional external antisym-
metric field Bµν(x), and has the form
S = T
∫
d2ξ
√−γ [gµν(x)uµauνbγab + Bµν(x)uµauνb eab] ,
where the world-sheet metric γab is considered as an in-
dependent variable. One can verify that it is indeed min-
imized by our equations (30) and (31), provided the iden-
tification
Bµν ≡ sκ
T
Kµν
is made. Thus, the Kalb-Ramond antisymmetric field
Bµν is recognized as a part of the spacetime torsion.
Note that the geometric interpretation found in lit-
erature is not the same. There, the external field Bµν
has commonly been treated as a torsion potential, rather
than the torsion itself. The authors of Refs. [19–23] stud-
ied the influence of the string background fields on the
string dynamics, and succeeded in rewriting the world-
sheet equations in geometric terms. In this setting, the
field strength of the Bµν field turned out to define the
torsion part of the modified geometry. We must empha-
size, however, that this new geometry is characterized by
the presence two connections, and does not belong to the
class of Riemann-Cartan geometries considered in this
paper.
In Ref. [24], a similar line of reasoning has been applied
to the string low-energy effective action. This action
governs the dynamics of the string background fields—
the spacetime metric gµν , Kalb-Ramond field Bµν and
the dilaton Φ. It was shown that the field strength of
the Kalb-Ramond field could be absorbed in the anti-
symmetric part of a new connection. In this approach,
however, the derived torsion is free, in the sense that no
string-torsion coupling is specified. Thus, this approach
is complementary to our treatment of strings in fixed
backgrounds, with no background dynamics specified.
Finally, let us mention that the same discussion applies
to the pure geometric considerations of Ref. [25].
In summary, there are different ways of relating the
Bµν field to torsion, and our result follows from the par-
ticular approach of treating probe strings in Riemann-
Cartan backgrounds.
V. CONCLUDING REMARKS
In this paper, we have analyzed classical dynamics of
brane like objects in backgrounds of nontrivial geome-
try. In particular, our target space is characterized by
both, curvature and torsion. The type of matter fields
the brane is made of has not been specified. We have only
assumed that matter fields are sharply localized around
a brane.
The method we have used is a generalization of the
Mathisson-Papapetroumethod for pointlike matter [1, 2].
It has already been used in Refs. [11, 12] for the study
of strings and higher branes in Riemannian spacetimes.
In this work, we have extended the analysis to Riemann-
Cartan spacetimes.
Our exposition is summarized as follows. In section II,
we have defined the conservation law of the stress-energy
and spin tensors, and eliminated the antisymmetric part
of stress-energy by noticing that it is not an independent
variable. Thereby, the conservation equations are rewrit-
ten in terms of the spin tensor σλµν and the symmetric
Belinfante tensor θµν . A brief recapitulation of the co-
variant multipole formalism, and its symmetry proper-
ties has been given by invoking the results of Ref. [12].
Then, the pole-dipole approximation has been defined for
the independent variables, only.
In section III, the brane world-sheet equations and
boundary conditions have been obtained in a manifestly
covariant form. In the particle case, the pole-dipole result
has been shown to agree with the results of the existing
literature. The single-pole limits, however, turned out
to differ. This is a consequence of the fact that earlier
approaches incorrectly treated the antisymmetric part of
the stress-energy τ [µν] as an independent variable.
In Section IV, we have analyzed the 0-brane and 1-
brane examples. In the particle case, the world-line equa-
tions have been compared to the known pole-dipole equa-
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tions [8, 9]. They are found to coincide in the pole-dipole
approximation, but have different single-pole limits. In
the string case, the world-sheet equations are analyzed
in the limit of zero thickness. By an appropriate choice
of the spin-tensor and the background torsion, we have
recovered the string action of Refs. [15–18]. In partic-
ular, the Kalb-Ramond antisymmetric tensor field Bµν
has been recognized as the torsion itself, rather than its
potential. The apparent contradiction with the exist-
ing literature on the subject is illusive. There are dif-
ferent ways of relating the Bµν field to torsion, and they
are often complementary to each other. While we treat
strings coupled to fixed Riemann-Cartan backgrounds,
some authors consider dynamical backgrounds with no
string couplings [24, 25], or employ non Riemann-Cartan
geometries [19–23].
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Appendix: Differential geometry of surfaces
In this work, we deal with the geometry of surfaces
embedded in Riemann-Cartan spacetime. Let us sum-
marize the basic notions and relations used throughout
the paper.
We shall consider a D-dimensional Riemann-Cartan
spacetime parametrized by the coordinates xµ. Its met-
ric tensor is denoted by gµν(x), and is assumed to have
Minkowski signature. Given the metric, one defines the
Levi-Civita connection{
µ
ρσ
} ≡ 1
2
gµλ (∂ρgλσ + ∂σgλρ − ∂λgρσ) ,
and the Riemannian covariant derivative ∇λ:
∇λV µ ≡ ∂λV µ +
{
µ
ρλ
}
V ρ .
We now introduce a (p + 1)-dimensional surface M
parametrized by the coordinates ξa. If the surface equa-
tion is xµ = zµ(ξ), one can define the coordinate vectors
uµa ≡
∂zµ
∂ξa
,
and the induced metric tensor
γab ≡ gµν(z)uµauνb .
The surfaceM is assumed to be everywhere regular, and
the coordinates xµ and ξa well defined. If it is future di-
rected, the induced metric has Minkowski signature. We
can now define the total Riemannian covariant derivative
∇a, that acts on both types of indices:
∇aV µb = ∂aV µb +
{
µ
λρ
}
uρaV
λb +
{
b
ca
}
V µc . (A.1)
Here,
{
a
bc
}
is the Levi-Civita connection on the surface,
so that the metricity conditions ∇agµν = ∇aγbc = 0 are
identically satisfied.
A spacetime vector V µ can uniquely be split into vec-
tors orthogonal and tangential to the surface by using
the projectors
P‖
µ
ν ≡ uµauaν , P⊥µν ≡ δµν − uµauaν .
Thus, V µ = V µ⊥ + V
µ
‖ , where V
µ
⊥ ≡ P⊥µνV ν , and V µ‖ ≡
P‖
µ
νV
ν .
The surface M may have a boundary ∂M, and we
denote its coordinates by λi. The boundary is assumed
to satisfy the analogous geometric requirements as the
surface itself. Given the boundary ξa = ζa(λ), one intro-
duces its coordinate vectors
vai ≡
∂ζa
∂λi
,
and the induced metric
hij = γab(ζ)v
a
i v
b
j .
The boundary connection is defined to be the Levi-Civita
connection
{
i
jk
}
, so that the total covariant derivative∇i,
which acts as
∇iV µbj = ∂iV µbj+
{
µ
λρ
}
vρi V
λbj+
{
b
ca
}
vai V
µcj+
{
j
ki
}
V µbk ,
(A.2)
satisfies the metricity conditions ∇igµν = ∇iγab =
∇ihjk = 0. Here, vµi ≡ uµavai are the spacetime compo-
nents of the boundary coordinate vectors. The boundary
projectors are defined as p‖
µ
ν ≡ vµi viν and p⊥µν ≡ δµν−vµi viν .
Throughout the paper, the covariant form of the Stokes
theorem is used:
∫
M
dp+1ξ
√−γ∇aV a =
∫
∂M
dpλ
√
−hnaV a .
Here, na is the normal to the boundary. It is defined as
na =
1
p!
eab1...bpe
i1...ipvb1i1 . . . v
bp
ip
, (A.3)
where eab1...bp and e
i1...ip are totally antisymmetric world
tensors on the surface and the boundary, respectively.
They are defined using the Levi-Civita symbols εab1...bp
and εi1...ip , and corresponding metric determinants:
eab1...bp(ξ) ≡
√−γεab1...bp , ei1...ip(λ) ≡
1√−hε
i1...ip .
The normal na is always spacelike, and satisfies the fol-
lowing identities:
nan
a = 1 , nav
a
i = 0 , P⊥
µ
ν = p⊥
µ
ν − nµnν ,
where nµ ≡ uµana.
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